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I udqv S 1 gh Y ulhv
e
d
Vfkrro ri Hfrqrplfv dqg JHS/ Xqlyhuvlw| ri Qrwwlqjkdp/ XN
e
Ghsduwphqw ri Hfrqrplfv dqg FhqwHU/ Wloexuj Xqlyhuvlw|
Pd| 5337
Devwudfw
Wklv sdshu h{dplqhv vhyhudo srolf| uhjlphv wr ghdo zlwk wkh sureohp wkdw krxvh0
krogv vxhu iurp hqylurqphqwdo gdpdjh e| upv lq wkh vdph uhjlrq1 Z h hpsor|
dq hyroxwlrqdu| iudphzrun wr dqdo|}h pljudwlrq pryhphqwv lq wkh frxuvh ri wlph/
vlqfh upv dqg krxvhkrogv zloo qrw uhorfdwh lpphgldwho| lq uhvsrqvh wr sd|r gli0
ihuhqwldov1 Z h vkrz wkdw wd{dwlrq jlyhv upv dqg krxvhkrogv dq lqfhqwlyh wr vwd|
dzd| iurp hdfk rwkhu1 Odlvvh} idluh +frpshqvdwlrq, rqo| jlyhv krxvhkrogv +upv,
dq lqfhqwlyh wr vwd| dzd| iurp upv +krxvhkrogv,1 Z h qg wkdw wd{dwlrq fuhdwhv
wkh uljkw lqfhqwlyhv wr uhdfk d orfdo zhoiduh pd{lpxp1 Krzhyhu/ frpshqvdwlrq pd|
ohdg wr d ehwwhu rxwfrph wkdq wd{dwlrq1
Nh|zrugv= hqylurqphqwdo srolf|/ orfdwlrq fkrlfh/ hyroxwlrqdu| jdph wkhru|
MHO fodvvlfdwlrq= T5;> U53> U63
￿
Zh wkdqn Dqgulhv Qhqwmhv/ Doh{ Srvvdmhqqlnry/ wzr dqrq|prxv uhihuhhv dqg wkh dvvrfldwh hglwru Wloo
Uhtxdwh iru khosixo frpphqwv1
￿
Fruuhvsrqglqj dxwkru1 Vfkrro ri Hfrqrplfv/ Xqlyhuvlw| ri Qrwwlqjkdp/ QJ: 5UG/ Qrwwlqjkdp/ XN1
Skrqh= .77 448 ;79:538/ Id{= .77 448 <84748<1 H0pdlo= erxzh1glmnvwudCqrwwlqjkdp1df1xn1
44 Lqwurgxfwlrq
Hqylurqphqwdo sureohpv rffxu rq glhuhqw jhrjudsklfdo vfdohv= orfdo/ qdwlrqdo/ wudqv0
erxqgdu| dqg hyhq joredo1 Ghshqglqj rq wkh qdwxuh ri wkh sureohp/ wkhuh pd| eh vhyhudo
zd|v ri ghdolqj zlwk lw= uhgxflqj hplvvlrqv/ wdnlqj surwhfwlyh phdvxuhv wr olplw wkh gdp0
djh/ ru prylqj srooxwhuv dqg ylfwlpv dzd| iurp hdfk rwkhu1 Rxu sdshu irfxvhv rq wkh
odwwhu uhphg|1 Qhhgohvv wr vd| / zh gr qrw zlvk wr vxjjhvw wkdw vhjuhjdwlrq lv wkh rqo|
ru wkh suhihudeoh dqvzhu wr doo hqylurqphqwdo sureohpv/ exw lq vrph fdvhv zkhuh hfr0
qrplf dfwlylwlhv fdxvh orfdo gdpdjh wr rwkhu dfwlylwlhv +olnh djulfxowxuh ru uhfuhdwlrq, ru
wr kxpdq khdowk/ vhjuhjdwlrq pd| eh hhfwlyh1
Z h vwxg| wkh htxloleuld wkdw zloo rffxu zkhq erwk srooxwhuv dqg ylfwlpv ri srooxwlrq
+zklfk zh fdoo upv dqg krxvhkrogv uhvshfwlyho|, fdq fkrrvh wkhlu orfdwlrq lq d wzr0uhjlrq
prgho1 Z h h{dplqh zkhwkhu odlvvh} idluh/ wd{dwlrq ri srooxwlrq ru frpshqvdwlrq ri gdpdjh
wr wkh ylfwlpv lv prvw olnho| wr ohdg wr wkh rswlpdo rxwfrph1
Rqh pd| zrqghu zk| zh zlvk wr frpsduh wd{dwlrq zlwk odlvvh} idluh dqg frpshqvdwlrq
dw doo1 Diwhu doo/ lw lv zhoo nqrzq wkdw pdujlqdo gdpdjh wd{dwlrq lv h!flhqw1 Rq wkh rwkhu
kdqg/ rqh ri wkh uvw wklqjv zh ohduq lq hqylurqphqwdo hfrqrplfv lv wkdw odlvvh} idluh ohdgv
wr wrr pxfk srooxwlrq1 Frpshqvdwlrq pljkw dovr eh uhjdughg zlwk vxvslflrq/ dv lw jlyhv
krxvhkrogv qr lqfhqwlyh wr vwd| dzd| iurp srooxwlqj upv1 Krzhyhu/ zh vkdoo vhh wkdw
zkhq zh orrn dw orfdwlrq fkrlfh/ odlvvh} idluh dqg frpshqvdwlrq duh qr orqjhu qhfhvvdulo|
lqihulru wr wd{dwlrq1 Wklv lv ehfdxvh doo zhoiduh rswlpd dqg doo vwdeoh srolf| htxloleuld
duh fruqhu vroxwlrqv zlwk dw ohdvw sduwldo vhjuhjdwlrq1 Iru lqvwdqfh/ wkh rswlpxp pd| eh
wr kdyh doo krxvhkrogv lq wkh odujhu uhjlrq D dqg doo upv lq uhjlrq E1 Wklv rswlpxp/
zklfk zh zloo fdoo Ek> i > fdq eh vxvwdlqhg zlwk wd{dwlrq1 Xqghu odlvvh} idluh/ uhjlrq D
ehfrphv pruh dwwudfwlyh wr upv/ zkhuhdv xqghu frpshqvdwlrq uhjlrq E ehfrphv pruh
dwwudfwlyh wr krxvhkrogv1 Exw wkhuh duh fdvhv lq zklfk Ek> i  fdq eh vxvwdlqhg zlwk odlvvh}
idluh dqg2ru frpshqvdwlrq dv zhoo1 Lq wkrvh fdvhv/ wkhvh lqvwuxphqwv fohduo| shuirup dv
zhoo dv wd{dwlrq1
Lq wklv sdshu/ zh zloo vkrz wkdw frpshqvdwlrq fdq dfwxdoo| rxwshuirup wd{dwlrq1 Wklv
lv ehfdxvh wkh h{lvwhqfh ri fruqhu vroxwlrqv ohdgv wr pxowlsolflw| ri vroxwlrqv1 Lq wkh deryh
h{dpsoh/ zkhuh wkhuh lv d zhoiduh rswlpxp zlwk doo krxvhkrogv lq D dqg doo upv lq
E/ wkhuh pd| eh dqrwkhu orfdo rswlpxp +zlwk orzhu zhoiduh, zlwk doo upv lq D dqg doo
krxvhkrogv lq E1 Iru fhuwdlq lqlwldo orfdwlrq sdwwhuqv/ frpshqvdwlrq zloo ohdg wr wkh joredo
rswlpxp zkloh wd{dwlrq rqo| ohdgv wr wkh vxerswlpdo orfdo rswlpxp1
Wzr txdolfdwlrqv pxvw eh eruqh lq plqg1 Iluvw/ wkh vxshulrulw| ri frpshqvdwlrq
5ghulyhv iurp rxu dvvxpswlrq wkdw krxvhkrogv kdyh d kljkhu ghpdqg iru odqg wkdq upv1
Zkhq upv kdyh d kljkhu ghpdqg iru odqg/ lw zrxog eh odlvvh} idluh udwkhu wkdq frp0
shqvdwlrq wkdw zrxog lpsuryh xsrq wd{dwlrq1 Vhfrqg/ wkh prgho grhv qrw doorz iru vlgh
sd|phqwv dfurvv wkh wzr vhfwruv/ l1h1/ zh gr qrw h{soruh wkh lvvxh ri Frdvhdq edujdlqlqj
+Frdvh ^6`,1
Lq rughu wr h{dplqh wkh g|qdplfv dqg wkh vwdelolw| ri htxloleuld/ zh hpsor| hyroxwlrq0
du| jdph wkhru| dv dssolhg lq hfrqrplfv e| Iulhgpdq ^9/ :`/ \ rxqj ^57`/ Ndqgrul hw do1
^44` dqg Vdpxhovrq ^4;`1 Z h uhjdug dq hyroxwlrqdu| dssurdfk dv txlwh vxlwdeoh iru orfd0
wlrq ghflvlrqv1 Zkhq wkhuh lv d sd|r glhuhqwldo ehwzhhq uhjlrqv/ upv dqg krxvhkrogv
gr qrw lpphgldwho| pryh wr wkh kljkhu0sd|r uhjlrq1 Wkhuh zloo udwkhu eh d vwuhdp ri
pljudwlrq lq wkh frxuvh ri wlph1 Iru h{dpsoh/ upv wkdw uhfhqwo| pdgh orfdwlrq0vshflf
lqyhvwphqwv zrxog kdyh uhodwlyho| orz lqfhqwlyhv wr pryh1 Olnhzlvh iru krxvhkrogv> wkh|
fdq eh dwwdfkhg wr wkhlu uhjlrq ri uhvlghqfh ehfdxvh ri wkh forvh ylflqlw| ri wkhlu idplo|
dqg iulhqgv/ dqg mrev dqg vfkrrov1
Wkh olwhudwxuh rq srooxwhu prelolw| +Prwwd dqg Wklvvh ^47`/ Krho ^<`/ Glmnvwud ^8`/
Udxvfkhu ^49/ 4:`, dqg ylfwlp prelolw| +Z hoolvfk ^56`/ Krho dqg Vkdslur ^43`, kdv pdlqo|
irfxvhg rq wkh txhvwlrq ri zkhwkhu dqg krz wkh qrqfrrshudwlyh srolf| htxloleulxp gh0
yldwhv iurp wkh rswlpxp1 Lq rxu sdshu/ krzhyhu/ wkh uhjlrqv gr qrw vhw wkh srolf| wkdw
pd{lpl}hv wkhlu rzq zhoiduh/ exw wkh| iroorz sduwlfxodu srolf| uxohv1
Vhyhudo dxwkruv kdyh suhylrxvo| qrwhg wkdw ylfwlp ghihqfh dfwlylwlhv olnh pljudwlqj
lqwurgxfh qrqfrqyh{lwlhv/ zklfk pd| uhvxow lq pxowlsoh zhoiduh rswlpd1 Edxpro ^4` zdv
wkh uvw wr qrwh wkdw zkhq wkhuh duh pxowlsoh orfdo zhoiduh pd{lpd/ wd{dwlrq zloo ohdg
wrzdug d orfdo rswlpxp/ exw pd| ohdg dzd| iurp wkh joredo rswlpxp1 Xqolnh wkh suhvhqw
sdshu/ Edxpro ^4` grhv qrw h{soruh wkh srvvlelolw| wkdw rwkhu lqvwuxphqwv pd| lpsuryh
xsrq wd{dwlrq1
Vkledwd dqg Zlqulfk ^53` vkrz wkdw zkhq lw lv +orfdoo|, rswlpdo wr kdyh rqo| ylfwlp
ghihqfh phdvxuhv dqg qr dedwhphqw e| upv/ odlvvh} idluh dovr lpsohphqwv wkh rswlpxp1
￿
Khoidqg dqg Uxelq ^;` dujxh wkdw qrqfrqyh{lwlhv pd| ohdg wr wkh jhrjudsklf frqfhqwudwlrq
ri gdpdjh dqg wkdw d wd{ pd| qrw eh deoh wr lpsohphqw wkh rswlpxp1 Krzhyhu/ wkh|
rqo| frqvlghu xqlirup wd{dwlrq/ zkhuhdv zh doorz glhuhqw wd{ udwhv lq glhuhqw uhjlrqv1
Pruhryhu/ Khoidqg dqg Uxelq ^;` rqo| dqdo|}h wkh fdvh ri d xqltxh zhoiduh rswlpxp/
zkhuhdv zh duh lqwhuhvwhg lq wkh h{lvwhqfh ri pxowlsoh orfdo rswlpd1
PfNlwulfn dqg Froolqjh ^45` ghulyh d frqglwlrq xqghu zklfk wkhuh lv d xqltxh orfdo rs0
￿
Wkh| fodlp wkdw wd{dwlrq grhv qrw ohdg wr wkh rswlpxp lq wklv fdvh/ exw Rdwhv ^48` vkrzv wkdw lw
grhv1
6wlpxp lq wkh suhvhqfh ri qrqfrqyh{lwlhv1 Wkh| glvfxvv wzr vwudwhjlhv iru lpsohphqwdwlrq=
dq lwhudwlyh wd{ uxoh dqg d qrq0lwhudwlyh ghpdqg0uhyhdolqj phfkdqlvp1 Lq wkh vdph yhlq/
Vdqgkrop ^4<` ghwhuplqhv wkh frqglwlrqv xqghu zklfk wkh lwhudwlyh wd{ uxoh ri pdujlqdo
gdpdjh wd{dwlrq frqyhujhv joredoo| wr wkh xqltxh rswlpxp xqghu dv|pphwulf lqirupd0
wlrq1 Olnh Vdqgkrop ^4<`/ zh xvh wkh lwhudwlyh wd{ uxoh ri pdujlqdo gdpdjh wd{dwlrq1
Krzhyhu/ zh dovr h{dplqh odlvvh} idluh dqg frpshqvdwlrq1 I xuwkhu/ xqolnh PfNlwulfn dqg
Froolqjh ^45` dqg Vdqgkrop ^4<`/ zh duh pdlqo| frqfhuqhg zlwk wkh h{lvwhqfh ri pxowlsoh
orfdo rswlpd/ dqg wkh srvvlelolw| wkdw wkh lwhudwlyh wd{ uxoh ohdgv rqo| wr d orfdo dqg qrw
wr wkh joredo rswlpxp1
Wzr rwkhu frqwulexwlrqv rq wkh vwdelolw| ri htxloleuld zlwk orfdwlrq fkrlfh e| surgxfhuv
dqg ylfwlpv ri h{whuqdolwlhv duh Frshodqg dqg Wd|oru ^7` dqg Pl|dr ^46`1 Erwk vwxglhv qg/
dv zh gr/ wkdw wkh lqwhulru htxloleulxp lv xqvwdeoh dqg wkh fruqhu htxloleuld duh vwdeoh1
Frshodqg dqg Wd|oru ^7` frqvlghu d wzr0frxqwu| wzr0lqgxvwu| zruog zlwk iuhh wudgh
dqg zlwkrxw hqylurqphqwdo srolf| 1 Wkh Vprnhvwdfn lqgxvwu| dggv wr wkh qdwlrqdo vwrfn
ri srooxwlrq dqg wkh Iduplqj lqgxvwu| vxhuv iurp srooxwlrq1
￿
Frshodqg dqg Wd|oru
^7` qg wkdw wkh glyhuvlhg dxwdun| htxloleulxp lv xqvwdeoh dqg wkhuh pd| eh wzr vwdeoh
htxloleuld zlwk dw ohdvw sduwldo vshfldol}dwlrq1 Zkhq rqh frxqwu| qhhgv wr eh glyhuvlhg/
wklv vkrxog eh wkh frxqwu| zlwk wkh orzhvw oderxu hqgrzphqw ru wkh odujhvw uhjhqhudwlyh
fdsdflw| 1 Krzhyhu/ Frshodqg dqg Wd|oru ^7` vkrz wkdw wkh zruog grhv qrw qhfhvvdulo|
hyroyh wr wkh ghvluhg vshfldol}dwlrq sdwwhuq1
￿
Pl|dr ^46` frqvlghuv wzr srsxodwlrqv/ wkh phpehuv ri zklfk fdq hlwkhu olyh lqvlgh ru
rxwvlgh d flw| 1 Dq djhqw*v sd|r lq wkh flw| lv ghfuhdvlqj lq wkh vl}h ri wkh rwkhu jurxs
+qhjdwlyh lqwhujurxs h{whuqdolwlhv, ru lqfuhdvlqj lq wkh vl}h ri wkh rzq jurxs +srvlwlyh
lqwudjurxs h{whuqdolwlhv,1 Lq erwk fdvhv/ d pl{hg0flw| Qdvk htxloleulxp lv xqvwdeoh dqg
wkh wzr Qdvk htxloleuld zlwk d vlqjoh srsxodwlrq lq wkh flw| duh vwdeoh1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 rxwolqhv wkh prgho1 Lq Vhfwlrq
6/ zh ghwhuplqh wkh Qdvk dqg hyroxwlrqdu| htxloleuld ri wkh wkuhh srolf| uhjlphv1 Z h
vkrz wkdw wkh fruqhu Qdvk htxloleuld duh vwdeoh dqg wkh lqwhulru Qdvk htxloleuld duh qrw1
Lq Vhfwlrq 7/ zh dvvhvv wkh rxwfrphv ri wkh srolf| uhjlphv rq zhoiduh dqg zh ghulyh rxu
pdlq uhvxow wkdw frpshqvdwlrq fdq lpsuryh xsrq wd{dwlrq1 Lq wkh frqfoxglqj Vhfwlrq 8
zh rhu vrph uhpdunv rq Frdvhdq edujdlqlqj1
￿
Xqwhurehugrhuvwhu ^54` dggv wudqverxqgdu| srooxwlrq wr Frshodqg dqg Wd|oru*v ^7` prgho1
￿
Dv Frshodqg dqg Wd|oru ^7` douhdg| qrwh/ hyhq zkhq wkh rswlpdo vshfldol}dwlrq sdwwhuq lv dfklhyhg/ lw
pd| qrw lpsohphqw wkh uvw ehvw1 Gxh wr wkh devhqfh ri hqylurqphqwdo srolf|/ wkh Vprnhvwdfn lqgxvwu|
zloo hplw wrr pxfk lq wkh glyhuvlhg frxqwu|1
75 Wkh prgho
514 Lqwurgxfwlrq
Z h kdyh vhhq wkdw wkhuh duh qr frqwulexwlrqv lq wkh olwhudwxuh wkdw uhodwh gluhfwo| wr
rxu vxemhfw ri orfdwlrq ghflvlrqv e| krxvhkrogv dqg srooxwlqj upv xqghu glhuhqw srolf|
uhjlphv1 Z h vkdoo wkhuhiruh vhw xs rxu rzq prgho lq wklv vhfwlrq/ nhhslqj lw dv vlpsoh dv
srvvleoh1 Dv zh vkdoo vhh lq vxevhfwlrq 516/ srooxwlr lv d idfwru wkdw lq xhqfhv orfdwlrq
ghflvlrqv ri vrph srsxodwlrqv xqghu vrph srolf| uhjlphv1 Krzhyhu/ srooxwlrq lv qrw dozd|v
d gulylqj irufh1 Z h wkhuhiruh qhhg dw ohdvw rqh rwkhu idfwru wkdw lq xhqfhv wkh orfdwlrq
ghflvlrq1 Wklv zloo eh wkh odqg pdunhw= Krxvhkrogv ghulyh xwlolw| iurp wkh dprxqw ri odqg
wkh| rffxs| dqg upv qhhg odqg wr surgxfh1
Wkhuh duh wzr srsxodwlrqv= krxvhkrogv k dqg upv i 1 Wkh qxpehu ri krxvhkrogv lv
qrupdol}hg wr rqh1 Wkhuh duh q
￿ upv1 Iru wkh vdnh ri frqfuhwhqhvv/ zh rqo| dqdo|}h
wkh fdvh zkhuh q
￿ ? = wkhuh duh ohvv upv wkdq krxvhkrogv1 Ixuwkhu/ wkhuh duh wzr
uhjlrqv= D dqg E1 Ghqrwh e| v
￿
￿ wkh iudfwlrq ri srsxodwlrq n En ' k> i  orfdwhg lq uhjlrq
} E} ' D> E1 Wkhuh lv d {hg duhd ri odqg lq hlwkhu uhjlrq wkdw fdq eh rffxslhg1 Wkh
vl}h ri uhjlrq D lv qrupdol}hg wr rqh1 Wkh vl}h ri uhjlrq E lv  ? 1
Wkh pdunhw iru wkh frqvxpswlrq jrrg lv frpshwlwlyh/ dv lv wkh odqg pdunhw lq erwk
uhjlrqv1 Wkh odwwhu lpsolhv wkdw wkh zkroh duhd zloo dozd|v eh uhqwhg rxw wr rffxsdqwv1
Lq wklv vhfwlrq zh glvfxvv surgxfwlrq e| upv dqg frqvxpswlrq e| krxvhkrogv +vxe0
vhfwlrq 515,/ srooxwlrq dqg hqylurqphqwdo srolf| +516,/ dqg wkh odqg pdunhw +517,1 Ilqdoo| /
zh suhvhqw wkh h{suhvvlrqv iru wkh krxvhkrog*v dqg up*v wrwdo sd|r +518,1
515 Ilupv dqg krxvhkrogv
Wkh upv i lq uhjlrq } surgxfh d krprjhqhrxv jrrg { zlwk odqg j
￿
￿ dqg d up0vshflf
lqglylvleoh idfwru I
￿ / zlwk I
￿ ' = Wkh surgxfwlrq whfkqrorj| ihdwxuhv frqvwdqw uhwxuqv
wr vfdoh dqg wkxv glplqlvklqj pdujlqdo uhwxuqv wr odqg1 Wkh surgxfwlrq {
￿
￿ ri { e| d up
















￿ ? f= +4,
Vlqfh jrrg { lv fkrvhq dv wkh qxphudluh/ !EI
￿ > j
￿  lv dovr wkh up*v uhyhqxh1


























 lwv xwlolw| iurp odqg1 Wr
vlpsoli| wkh dqdo|vlv/ zh dvvxph wkdw wkh sd|r ixqfwlrq xEj
￿  iurp odqg htxdov wkh up*v
surgxfwlrq ixqfwlrq !EI
￿ > j
￿  ri odqg zlwk I







Wkh dvvxpswlrq lpsolhv wkdw rqh up*v ghpdqg iru odqg htxdov wkh ghpdqg e| p
￿
krxvhkrogv1 Z h fdq wkhq vfdoh krxvhkrog vl}h vxfk wkdw rqh up*v ghpdqg iru odqg
htxdov rqh krxvhkrog*v ghpdqg iru odqg1 Ohw wkhuh eh P
￿
krxvhkrogv K zlwk xwlolw|





krxvhkrogv k +zlwk Q
￿







Krxvhkrog k ghulyhv lqfrph |
￿ iurp wkh rzqhuvkls ri odqg dqg up vkduhv dqg srvvleo|
iurp wkh uhglvwulexwlrq ri wd{ uhyhqxhv ru frpshqvdwlrq ri hqylurqphqwdo gdpdjh1 Zkloh
doo krxvhkrogv kdyh lghqwlfdo wdvwhv/ wkh| pd| glhu lq wkhlu lqfrphv1 Krzhyhu/ zh dvvxph
wkdw hdfk krxvhkrog kdv hqrxjk lqfrph wr frqvxph dw ohdvw vrph {1 Wkhq doo krxvhkrogv
lq uhjlrq } zloo rffxs| wkh vdph dprxqw ri odqg j
￿
￿ 1
516 Srooxwlrq dqg hqylurqphqwdo srolf|
Krxvhkrogv vxhu iurp srooxwlrq e| upv lq wkh vdph uhjlrq1 D krxvhkrog*v sd|r lv
vhsdudeoh lq hqylurqphqwdo gdpdjh dqg frqvxpswlrq ri odqg dqg wkh frqvxpswlrq jrrg1
Hplvvlrqv duh fdxvhg e| wkh upv* xvh ri wkh {hg surgxfwlrq idfwru I
￿ 1 Wkh hplvvlrq
gdpdjh wkdw rqh up lq lfwv xsrq rqh krxvhkrog lv qrupdol}hg wr rqh1 Ilupv fdqqrw
ghfuhdvh wkhlu hplvvlrqv e| uhgxflqj rxwsxw ru e| wdnlqj dedwhphqw phdvxuhv1
Z h frqvlghu wkuhh hqylurqphqwdo srolf| uhjlphv =
 Odlvvh}0idluh = qr hqylurqphqwdo srolf|1 Krxvhkrogv whqg wr vwd| dzd| iurp upv/
ehfdxvh wkh| duh kduphg e| wkh upv* srooxwlrq1 Ilupv/ rq wkh rwkhu kdqg/ kdyh
qr lqfhqwlyh wr vwd| dzd| iurp krxvhkrogv>
 Wd{dwlrq  = upv duh wd{hg iru wkh wrwdo gdpdjh wkh| lq lfw xsrq krxvhkrogv1
￿
Wd{
uhyhqxhv duh glvwulexwhg lq oxps0vxp idvklrq dprqj krxvhkrogv1 Krxvhkrogv whqg
wr vwd| dzd| iurp upv +ehfdxvh ri wkh srooxwlrq, dqg upv whqg wr vwd| dzd| iurp
krxvhkrogv +ehfdxvh wkh| duh wd{hg iru wkh gdpdjh wkh| fdxvh,1 Wkxv/ krxvhkrogv*
dqg upv* lqfhqwlyhv duh v|pphwulf1
￿
Qrwh wkdw dyhudjh gdpdjh htxdov pdujlqdo gdpdjh/ vr wkdw wklv wd{ fdq eh vhhq dv d Sljrxyldq wd{1
9 Frpshqvdwlrq = upv ixoo| frpshqvdwh krxvhkrogv iru wkh gdpdjh wkh| lq lfw xsrq
wkhp1 Ilupv whqg wr vwd| dzd| iurp krxvhkrogv/ ehfdxvh rwkhuzlvh wkh| kdyh wr
frpshqvdwh krxvhkrogv iru wkh gdpdjh wkh| fdxvh1 Rq wkh rwkhu kdqg/ krxvhkrogv
kdyh qr lqfhqwlyh wr vwd| dzd| iurp upv1 Wkh| duh ixoo| frpshqvdwhg iru wkh
srooxwlrq gdpdjh wkh| vxhu iurp upv1 Wkxv/ frpshqvdwlrq lv wkh pluuru lpdjh
ri odlvvh}0idluh/ zlwk lqwhufkdqjhg lqfhqwlyhv iru krxvhkrogv dqg upv1
517 Wkh odqg pdunhw
Uhfdoo iurp vxevhfwlrq 516 wkdw d krxvhkrog*v sd|r lv vhsdudeoh lq hqylurqphqwdo gdpdjh
dqg frqvxpswlrq ri odqg dqg wkh frqvxpswlrq jrrg1 Srooxwlrq dqg hqylurqphqwdo srolf|
wkhuhiruh gr qrw dhfw wkh fkrlfh ri odqg vl}h j
￿
￿ e| krxvhkrog k lq uhjlrq }1 Wkh krxvhkrog





￿ / zlwk s
￿ wkh uhqwdo
sulfh ri odqg lq duhd } dqg |





















Vlqfh upv fdqqrw ghfuhdvh wkhlu hplvvlrqv e| uhgxflqj rxwsxw ru e| wdnlqj dedwhphqw
phdvxuhv/ srooxwlrq dqg hqylurqphqwdo srolf| gr qrw dhfw wkh fkrlfh ri odqg vl}h j
￿
￿ e|
up i lq uhjlrq }= Wkh up pd{lpl}hv lwv rshudwlqj surwv 
￿
￿ +uhyhqxh plqxv frvw ri














































￿ E  v
￿



































































￿ E  v
￿














￿  lv ghfuhdvlqj






￿  lv lqfuhdvlqj lq erwk dujxphqwv1
:Wdeoh 4= Y doxh ri 
￿
￿ lq htxdwlrq +<,
Odlvvh} idluh E '  Wd{dwlrq E '   Frpshqvdwlrq E ' 
Ilupv En ' i  3 4 4
Krxvhkrogv En ' k 4 4 3
518 W rwdo sd|r
Lq wklv vxevhfwlrq zh zloo sxw wrjhwkhu wkh hohphqwv wkdw pdnh xs d krxvhkrog ru up*v
wrwdo sd|r Y zkhq orfdwhg lq uhjlrq } E} ' D> E1 Z h kdyh vhhq lq vxevhfwlrq 517 wkdw
sd|r ghshqgv rq wkh dprxqw ri odqg j
￿ wkh krxvhkrog ru up rffxslhv lq uhjlrq }> zlwk
j
￿ ghfuhdvlqj lq wkh qxpehu ri upv dqg krxvhkrogv lq } +htxdwlrq +<,,1 Ghshqglqj rq wkh
srolf| uhjlph  E ' >  > > d krxvhkrog ru up pd| dovr fduh derxw srooxwlrq lq }/ zklfk
lv lqfuhdvlqj lq wkh qxpehu ri upv ru krxvhkrogv +uhvshfwlyho|, lq } +vxevhfwlrq 516,1
Ilqdoo| / zh kdyh dvvxphg wkdw d krxvhkrog*v sd|r lv vhsdudeoh lq odqg/ wkh frqvxpswlrq
jrrg dqg srooxwlrq1 Wkhuhiruh/ wrwdo orfdwlrq0vshflf sd|r Y ri d up dqg d krxvhkrog



































￿ jlyhq e| +<, dqg wkh ydoxh ri 
￿
￿ jlyhq e| Wdeoh 41
6 Srolf| Htxloleuld
Lq wklv vhfwlrq/ zh ghwhuplqh wkh Qdvk dqg hyroxwlrqdu| htxloleuld ri wkh wkuhh srolf|
uhjlphv1 D Qdvk htxloleulxp lv fkdudfwhul}hg e| pdunhw htxloleulxp= wkh jrrgv pdunhw
dqg wkh uhjlrqdo odqg pdunhwv duh lq htxloleulxp1 Wkhuh lv dovr srolf| htxloleulxp= wd{ dqg
frpshqvdwlrq sd|phqwv htxdo dfwxdo gdpdjh1 Ilqdoo| / wkhuh lv lqwhuuhjlrqdo htxloleulxp=
qr rqh kdv dq lqfhqwlyh wr pryh1
Lw vhhpv uhdvrqdeoh wr dvvxph wkdw wkh pdunhw dqg srolf| htxloleuld duh pruh txlfno|
uhdfkhg wkdq lqwhuuhjlrqdo htxloleulxp1 Lw pxvw eh hdvlhu wr dgmxvw wkh dprxqw ri odqg
rffxslhg dqg wr dgmxvw wkh uhtxluhg wd{ ru frpshqvdwlrq sd|phqwv/ wkdq lw lv wr pryh
iurp wkh orz0sd|r uhjlrq wr wkh kljk0sd|r uhjlrq1 D Qdvk htxloleulxp lv rqo| vwdeoh li
wkh v|vwhp uhwxuqv wr lw diwhu d vpdoo shuwxuedwlrq ri wkh lqwhuuhjlrqdo htxloleulxp1















￿ 1 Z h dvvxph wkdw wkh vwdwh hyroyhv ghwhuplqlvwlfdoo|





￿ > > = +44,
Wkh hyroxwlrqdu| surfhvv ghvfulehg e| wkh g|qdplf K lv dvvxphg wr eh sd|r prqr0
wrqlf/ lpso|lqj wkdw wwhu vwudwhjlhv furzg rxw ohvv w vwudwhjlhv +h1j1 Z hlexoo ^55`,1 Lq
rxu fdvh/ prqrwrqlflw| lpsolhv wkdw  v
￿








￿ jlyhq e| +43,1 Li {Y
￿ A f> srsxodwlrq n zloo pljudwh wr uhjlrq D> li {Y
￿ ? f wkh| zloo
pljudwh wr uhjlrq E1
￿
Iljxuhv 4 wr 6 vkrz wkh skdvh gldjudpv iru wkh wkuhh srolf| uhjlphv iurp zklfk wkh
Qdvk dqg hyroxwlrqdu| htxloleuld fdq eh ghulyhg1
￿







dw zklfk hlwkhu upv ru krxvhkrogv duh lqglhuhqw ehwzhhq wkh wzr orfdwlrqv1 Zkhq d
srsxodwlrq lv r lwv orfl/ lw zloo pryh wrzdugv lw1 I rupdoo| / wkh orfl dqg wkh g|qdplfv dv
ghulyhg iurp +43, duh jlyhq e|=
 i i
￿
G upv/ wdnlqj hqylurqphqwdo gdpdjh lqwr dffrxqw/ duh lqglhuhqw ehwzhhq D















￿   E  v
￿
￿ = +45,
Zkhq wkh OKV lv odujhu +vpdoohu, wkdq wkh UKV/ upv pryh wr D +E,1
 kk
￿
G krxvhkrogv/ wdnlqj hqylurqphqwdo gdpdjh lqwr dffrxqw/ duh lqglhuhqw ehwzhhq
















￿   q
￿ E  v
￿
￿ = +46,
Zkhq wkh OKV lv odujhu +vpdoohu, wkdq wkh UKV/ krxvhkrogv pryh wr D +E,1
 gg
￿
G wkh srsxodwlrq wkdw rqo| wdnhv ghqvlw| lqwr dffrxqw/ lv lqglhuhqw ehwzhhq D dqg
E1 Wklv dssolhv wr upv xqghu odlvvh} idluh dqg wr krxvhkrogv xqghu frpshqvdwlrq1












￿ / ru vxevwlwxwlqj +<,=
q
￿ E  v
￿












Zkhq wkh OKV lv odujhu +vpdoohu, wkdq wkh UKV/ wkh srsxodwlrq pryhv wr D +E,1
￿
Vhh vxevhfwlrq 914 lq wkh Dsshqgl{ iru wkh irupdo frpsdwlelolw| frqglwlrqv1
￿
Wkh orfxv gg
￿ lv dozd|v olqhdu1 Iru vlpsolflw|/ wkh olqhv ii
￿ dqg kk
￿ duh dovr gudzq dv olqhdu1 Wkh
vshflfdwlrqv rq zklfk wkh Iljxuhv duh edvhg duh dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1
<Iru hdfk srolf| uhjlph wkhuh duh wzr srvvlelolwlhv= hlwkhu wkh orfl gr qrw lqwhuvhfw/ ru
wkh| lqwhuvhfw rqfh1 Wkhvh srvvlelolwlhv duh vkrzq lq wkh Iljxuhv 4 wr 6d dqg e uhvshfwlyho| 1
￿
Li wkh orfl gr qrw lqwhuvhfw iru d jlyhq srolf| uhjlph/ wkhuh lv rqh Qdvk htxloleulxp/ zklfk
lv lq d fruqhu1 Li wkh orfl lqwhuvhfw/ wkhuh duh wzr dgglwlrqdo Qdvk htxloleuld= rqh lq wkh
rssrvlwh fruqhu dqg rqh lqwhulru1
Ohw xv qrz vwdwh wklv uhvxow irupdoo|1
￿
Txdolwdwlyho|/ wkhuh duh vhyhq glhuhqw orfdwlrq
frqjxudwlrqv/ zklfk zh vkdoo ghqrwh e| vkruwkdqg qrwdwlrq olnh/ iru h{dpsoh/ Ei> i k1
Wklv phdqv= upv lq D dqg upv dqg krxvhkrogv lq E1 Wkh frqjxudwlrqv fdq eh
fodvvlhg lqwr wkuhh w|shv1 W|sh I K frpsulvhv Ei> k> Ei k> k dqg Ei> i k1 W|sh KI
frpsulvhv Ek> i > Ei k> i  dqg Ek> i k1 Wkh pl{hg w|sh frqvlvwv ri Ei k> i k rqo| 1
Sursrvlwlrq 4 Xqghu odlvvh} idluh/ wkhuh duh wkuhh Qdvk htxloleuld +rqh I K/ rqh KI
dqg rqh pl{hg,/ li dqg rqo| li=
q
￿ ? E2 n q
￿ = +48,
Li dqg rqo| li +48, lv qrw vdwlvhg/ wkhuh lv d xqltxh Qdvk htxloleulxp zklfk lv I K1
Sursrvlwlrq 5 Xqghu wd{dwlrq/ wkhuh duh wkuhh Qdvk htxloleuld +rqh I K/ rqh KI dqg



























Li dqg rqo| li +49, lv qrw vdwlvhg/ wkhuh lv d xqltxh Qdvk htxloleulxp zklfk lv KI 1
Sursrvlwlrq 6 Xqghu frpshqvdwlrq/ wkhuh duh wkuhh Qdvk htxloleuld +rqh I K/ rqh KI
dqg rqh pl{hg,/ li dqg rqo| li=
E n 2q
￿  A = +4:,
Li dqg rqo| li +4:, lv qrw vdwlvhg/ wkhuh lv d xqltxh Qdvk htxloleulxp zklfk lv KI 1
Dv zh fdq vhh iurp wkh skdvh gldjudpv/ wkh fruqhu Qdvk htxloleuld duh hyroxwlrqdulo|
vwdeoh dqg wkh lqwhulru Qdvk htxloleuld duh qrw=
Sursrvlwlrq 7 Iru doo srolf| uhjlphv/ d Qdvk htxloleulxp lv dq hyroxwlrqdu| htxloleulxp
li dqg rqo| li lw lv d fruqhu Qdvk htxloleulxp1
 
Lq wkhvh Iljxuhv/ d eodfn grw lqglfdwhv dq hyroxwlrqdu| htxloleulxp dqg d zklwh grw dq xqvwdeoh Qdvk
htxloleulxp1 D vtxduh lqglfdwhv wkh joredo zhoiduh rswlpxp dqg d gldprqg lqglfdwhv d orfdo zhoiduh
rswlpxp wkdw lv qrw joredoo| rswlpdo1
!
Doo surriv duh lq wkh Dsshqgl{1
43Ohw xv qrz glvfxvv wkh rxwfrph iru odlvvh} idluh zlwk wkh dlg ri Iljxuh 41 Wkh glvfxvvlrq
iru wd{dwlrq dqg frpshqvdwlrq lv vlplodu1
"
I urp Iljxuh 4 lw lv fohdu wkdw wkhuh lv dq I K
htxloleulxp +rq wkh wrs hgjh, zkhq srlqw k lv wr wkh ohiw ri srlqw g1 Dw srlqw g/ upv duh
lqglhuhqw ehwzhhq D dqg E1 Doo upv duh lq D dqg krxvhkrogv duh lq D dqg E vr wkdw
ghqvlw| lv htxdo1 Dw srlqw g/ krxvhkrogv suhihu wkh fohdq uhjlrq E1 I ru krxvhkrogv wr eh
lqglhuhqw/ wkhuh vkrxog eh pruh krxvhkrogv lq E dqg ohvv lq D1 Wkxv/ k lv dozd|v wr wkh
ohiw ri g/ dqg dq I K htxloleulxp dozd|v h{lvwv1
Wkhuh lv dq KI htxloleulxp +rq wkh uljkw ru erwwrp hgjh, xqghu odlvvh} idluh zkhq
srlqw k
￿
lv deryh ru wr wkh uljkw ri srlqw g
￿
1 Zkhq srlqw g
￿
lv rq wkh v
￿
￿ ' f hgjh/ dsso|lqj
wkh deryh uhdvrqlqj uhyhdov wkdw srlqw k
￿
lv wr wkh uljkw ri srlqw g
￿
= Lq wkdw fdvh/ dq KI
htxloleulxp h{lvwv1 Zkhq srlqw g
￿
lv rq wkh v
￿
￿ '  hgjh +dv lq Iljxuh 4e,/ doo krxvhkrogv
duh lq D dqg upv duh lq D dqg E vr wkdw ghqvlw| lv htxdo1 Zkhq wkhuh duh pruh +ohvv,
upv lq D wkdq lq E/ krxvhkrogv suhihu E +D, dqg k
￿
lv deryh +ehorz, g
￿
1 Wkxv/ wkhuh lv
qrw dozd|v dq KI htxloleulxp xqghu odlvvh} idluh1
Lw lv fohdu iurp Iljxuh 4 wkdw wkhuh lv dq lqwhulru Qdvk htxloleulxp li dqg rqo| li wkhuh
lv dq KI htxloleulxp1 Wkh lqwhulru htxloleulxp lv xqvwdeoh ehfdxvh wkh kk
￿
fxuyh lv  dwwhu
wkdq wkh gg
￿
fxuyh1 Wr xqghuvwdqg zk| kk
￿
lv  dwwhu wkdq gg
￿
> ohw xv frqvlghu zkdw kdsshqv
zkhq/ vwduwlqj iurp wkh lqwhulru Qdvk htxloleulxp/ zh pryh d qxpehu ri krxvhkrogv iurp





lv krz pdq| upv zh kdyh wr pryh iurp E wr D lq rughu wr pdnh krxvhkrogv dqg upv





djdlq1 I ru upv/ lw lv mxvw d pdwwhu ri uhvwrulqj htxdo ghqvlw| lq erwk
uhjlrqv1 Iru krxvhkrogv/ krzhyhu/ wkh pryhphqw ri upv grhv qrw rqo| lqfuhdvh ghqvlw|
lq D frpsduhg wr E/ exw lw dovr lqfuhdvhv srooxwlrq lq D frpsduhg wr E1 Wkxv ohvv upv
qhhg wr pryh iurp E wr D wr pdnh krxvhkrogv lqglhuhqw wkdq wr pdnh upv lqglhuhqw1
Lq whupv ri Iljxuh 4/ wklv phdqv wkdw kk
￿
lv  dwwhu wkdq gg
￿
1
7 Z hoiduh dqdo|vlv
714 Lqwurgxfwlrq
Lq wklv vhfwlrq/ zh vkdoo dqdo|}h wkh zhoiduh shuirupdqfh ri wkh wkuhh srolf| uhjlphv1
Wkh txhvwlrq lv zklfk srolf| uhjlph ohdgv wr wkh ehvw htxloleulxp lq whupv ri zhoiduh1
Lq vxevhfwlrq 715/ zh ghwhuplqh wkh zhoiduh rswlpd1 Z h vkdoo vhh wkdw wkh uvw rughu
#
Iroorzlqj wkh uhdvrqlqj rxwolqhg iru odlvvh} idluh/ lw fdq eh vkrzq wkdw i
￿ lv dozd|v ehorz ru wr wkh
ohiw ri g
￿ dqg k
￿ = Ixuwkhupruh/ dw wkh srlqw ri lqwhuvhfwlrq/ i i
￿ lv vwhhshu wkdq gg
￿ =
44frqglwlrqv duh lghqwlfdo wr wkh orfl iru wd{dwlrq1 Wkxv/ wd{dwlrq dozd|v uhvxowv lq dw
ohdvw d orfdo zhoiduh rswlpxp1 Krzhyhu/ dv zh vkdoo vhh lq vxevhfwlrq 716/ odlvvh} idluh
dqg frpshqvdwlrq fdq dovr ohdg wr d orfdo zhoiduh rswlpxp lq vrph fdvhv1 Dv orqj
dv wkh srsxodwlrq wkdw lv lq erwk uhjlrqv wdnhv hqylurqphqwdo gdpdjh lqwr dffrxqw/ dq
hyroxwlrqdu| htxloleulxp lv d orfdo zhoiduh rswlpxp1 Ilqdoo|/ lq vxevhfwlrq 717 zh dgguhvv
wkh txhvwlrq zkhwkhu dqrwkhu srolf| uhjlph fdq ohdg wr d ehwwhu rxwfrph wkdq wd{dwlrq1
Z h vkdoo vhh wkdw frpshqvdwlrq pd| rxwshuirup wd{dwlrq1
715 Z hoiduh rswlpd
































￿ E  v
￿
￿ E  v
￿
￿ = +4;,
Wkh uvw wzr whupv rq wkh UKV ri +4;, uhsuhvhqw krxvhkrog xwlolw| ri odqg lq uhjlrqv D
dqg E uhvshfwlyho| 1 Wkh wklug whup lv krxvhkrog xwlolw| iurp wkh frqvxpswlrq jrrg {/
zklfk e| +7, htxdov lwv wrwdo surgxfwlrq1 Surgxfwlrq shu up lv jlyhq e| +6,1 Wkh odvw wzr
whupv uh hfw krxvhkrog gdpdjh iurp hplvvlrqv e| upv lq uhjlrqv D dqg E uhvshfwlyho| 1


















































￿  n q




 ' f= +53,




￿ fruuhvsrqg wr wkh frqglwlrqv +45,
iru upv dqg +46, iru krxvhkrogv wr eh lqglhuhqw ehwzhhq D dqg E xqghu wd{dwlrq1




￿ ,/ upv +krxvhkrogv, pryh wr D xqghu
wd{dwlrq1 Rxu qglqjv iurp vhfwlrq 6 derxw wkh Qdvk dqg hyroxwlrqdu| htxloleuld xqghu
wd{dwlrq fdq wkhq eh wudqvodwhg lqwr zhoiduh whupv dv iroorzv=
Sursrvlwlrq 8 41 Zkhq wkhuh lv dq lqwhulru vroxwlrq wr wkh uvw rughu frqglwlrqv +4<,
dqg +53,/ lw lv d vdggoh srlqw1
51 Wkhuh lv dozd|v d +orfdo, zhoiduh pd{lpxp KI 1
61 Wkhuh pd| eh dq dgglwlrqdo orfdo zhoiduh pd{lpxp I K1
45Wkh forvh frqqhfwlrq ehwzhhq wd{dwlrq dqg zhoiduh fdq eh lqwhusuhwhg dv iroorzv1 Hq0
ylurqphqwdo gdpdjh rffxuv zkhq upv dqg krxvhkrogv duh lq wkh vdph orfdwlrq1 Wkxv/
upv dqg krxvhkrogv vkrxog kdyh dq lqfhqwlyh wr vwd| dzd| iurp hdfk rwkhu1 Wkhvh duh
h{dfwo| wkh lqfhqwlyhv wkdw wd{dwlrq surylghv1
Zkhq erwk KI dqg I K duh orfdo zhoiduh pd{lpd/ lw lv ehvw wr kdyh wkh odujhvw jurxs
lq wkh odujhvw uhjlrq1 Wkhuhiruh krxvhkrogv vkrxog eh lq D dqg upv lq E=
Sursrvlwlrq 9 KI lv wkh joredo zhoiduh pd{lpxp1
716 Orfdo dvvhvvphqw ri srolf| uhjlphv
Lq wklv vxevhfwlrq/ zh vkdoo vhh zkhwkhu wkh hyroxwlrqdu| htxloleuld ri wkh srolf| uhjlphv
fruuhvsrqg wr d orfdo zhoiduh pd{lpxp1 Z h douhdg| nqrz wkdw wd{dwlrq dozd|v uhvxowv
lq d orfdo zhoiduh pd{lpxp1 Krzhyhu/ odlvvh} idluh dqg frpshqvdwlrq pd| dovr ohdg wr
d zhoiduh pd{lpxp1 Wklv zloo kdsshq zkhq hlwkhu wkh wzr srsxodwlrqv duh frpsohwho|
vhsdudwhg ru wkh srsxodwlrq wkdw lv lq erwk uhjlrqv wdnhv hqylurqphqwdo gdpdjh lqwr
dffrxqw1
Zlwk odlvvh} idluh +looxvwudwhg lq Iljxuh 4,/ rqo| krxvhkrogv wdnh hqylurqphqwdo gdpdjh
lqwr dffrxqw1 Odlvvh} idluh dozd|v kdv dq htxloleulxp I K/ zklfk lv hlwkhu Ei> k ru Ei k> k1
Wklv htxloleulxp fruuhvsrqgv wr wkh orfdo +vxerswlpdo, zhoiduh pd{lpxp I K/ li lw h{lvwv1
Wkhuh pd| dovr eh dq hyroxwlrqdu| KI htxloleulxp1 Zkhq wklv lv Ek> i  ru Ek> i k> lw zloo
fruuhvsrqg wr wkh joredo zhoiduh pd{lpxp1 Zkhq wkh odlvvh} idluh htxloleulxp lv Ei k> i >
lw ghyldwhv iurp wkh joredo rswlpxp1 Wklv lv ehfdxvh upv duh lq erwk orfdwlrqv/ dqg wkh|
gr qrw wdnh hqylurqphqwdo gdpdjh lqwr dffrxqw1 Wkxv v
￿
￿ lv kljkhu wkdq rswlpdo1
Zlwk frpshqvdwlrq +looxvwudwhg lq Iljxuh 6,/ rqo| upv wdnh hqylurqphqwdo gdpdjh
lqwr dffrxqw1 Frpshqvdwlrq dozd|v kdv dq htxloleulxp KI 1 Wklv fruuhvsrqgv wr wkh
joredo rswlpxp zkhq wkh htxloleulxp lv Ek> i  ru Ei k> i 1 Zkhq wkh frpshqvdwlrq htxl0
oleulxp lv Ek> i k> lw ghyldwhv iurp wkh joredo rswlpxp1 Wklv lv ehfdxvh wkh krxvhkrogv
duh lq erwk orfdwlrqv/ dqg wkh| gr qrw wdnh hqylurqphqwdo gdpdjh lqwr dffrxqw1 Frp0
shqvdwlrq pd| dovr kdyh dq hyroxwlrqdu| I K htxloleulxp/ zklfk lv dozd|v Ei k> k= Wklv
htxloleulxp qhyhu fruuhvsrqgv wr wkh orfdo rswlpxp/ ehfdxvh wkh krxvhkrogv gr qrw wdnh
hqylurqphqwdo gdpdjh lqwr dffrxqw1
717 Joredo dvvhvvphqw ri srolf| uhjlphv
Z h qrz nqrz wkdw wd{dwlrq dozd|v uhvxowv/ dqg frpshqvdwlrq dqg odlvvh} idluh pd| uhvxow
lq d zhoiduh pd{lpxp1 Wkh txhvwlrq zh dgguhvv lq wklv vxevhfwlrq lv= Duh wkhuh fdvhv
46lq zklfk odlvvh} idluh ru frpshqvdwlrq rxwshuirupv wd{dwlrqB Wklv zrxog kdsshq zkhq
wd{dwlrq ohdgv wr wkh vxerswlpdo orfdo zhoiduh pd{lpxp I K dqg wkh rwkhu lqvwuxphqw
uhvxowv lq d ehwwhu KI 1





frpsdulvrq lv ehwzhhq frpshqvdwlrq dqg wd{dwlrq1 Z h nqrz iurp Sursrvlwlrqv 5 dqg 6
wkdw wd{dwlrq dqg frpshqvdwlrq kdyh hlwkhu rqh ru wzr hyroxwlrqdu| htxloleuld1 Z h fdq
dovr ghulyh=
Ohppd 4 Zkhq wkhuh lv d vlqjoh hyroxwlrqdu| htxloleulxp +HH, xqghu frpshqvdwlrq/
wkhuh fdq eh wzr HH xqghu wd{dwlrq1 Krzhyhu/ zkhq wkhuh lv d vlqjoh HH xqghu wd{dwlrq/
wkhuh lv dovr d vlqjoh HH xqghu frpshqvdwlrq1
Wkhuh duh wkhq wkuhh fdvhv wr glvfxvv1 Fdvh 4 rffxuv zkhq +49, grhv qrw krog1 Wkhq
wd{dwlrq dqg frpshqvdwlrq kdyh rqo| rqh htxloleulxp1 Wd{dwlrq |lhogv wkh joredo zhoiduh
pd{lpxp1 Frpshqvdwlrq uhvxowv lq wkh joredo zhoiduh pd{lpxp zkhq  ? q
￿ 1 Wkxv=
Sursrvlwlrq : Zkhq erwk wd{dwlrq dqg frpshqvdwlrq kdyh rqh hyroxwlrqdu| htxloleulxp/
wd{dwlrq lv dw ohdvw dv jrrg dv frpshqvdwlrq1
Fdvh 5 rffxuv zkhq +49, krogv dqg +4:, grhv qrw1 Wkhq wkhuh duh wzr hyroxwlrqdu|
htxloleuld zlwk wd{dwlrq +wkh joredo KI dqg wkh orfdo I K rswlpxp,/ zkhuhdv wkhuh lv rqo|
rqh +wkh joredo rswlpxp KI , zlwk frpshqvdwlrq1 Wklv lpsolhv wkdw wkhuh duh lqlwldo vwdwhv
wkdw ohdg wr wkh orfdo rswlpxp I K xqghu wd{dwlrq/ exw wr KI xqghu frpshqvdwlrq1 Dv
zh nqrz iurp vxevhfwlrq 716/ frpshqvdwlrq lpsohphqwv wkh joredo rswlpxp li krxvhkrogv
duh rqo| orfdwhg lq uhjlrq D= Exw hyhq li frpshqvdwlrq grhv qrw lpsohphqw wkh joredo
rswlpxp/ zhoiduh lq KI xqghu frpshqvdwlrq pd| vwloo eh kljkhu wkdq lq I K xqghu
wd{dwlrq1 Lq wkh iroorzlqj/ zh zloo dvvxph wkdw wklv lv wkh fdvh=
Frqglwlrq 4 Lq wkh KI htxloleulxp xqghu frpshqvdwlrq/ zhoiduh lv kljkhu wkdq lq wkh





Wklv fdq eh fkhfnhg e| jrlqj wkurxjk wkh vwhsv ghwdlohg ehorz iru wkh frpsdulvrq ehwzhhq frp0
shqvdwlrq dqg wd{dwlrq1 Qrwh wkdw wkh glhuhqfh ehwzhhq frpshqvdwlrq dqg odlvvh} idluh lv gxh wr rxu
dvvxpswlrq wkdw wkhuh duh pruh krxvhkrogv wkdq upv +ru pruh suhflvho|/ krxvhkrogv kdyh kljkhu djjuh0
jdwh ghpdqg iru odqg,1 Li wkhuh zhuh pruh upv wkdq krxvhkrogv/ odlvvh} idluh udwkhu wkdq frpshqvdwlrq
frxog rxwshuirup wd{dwlrq1
47Sursrvlwlrq ; Ohw wkhuh eh rqh hyroxwlrqdu| htxloleulxp xqghu wd{dwlrq dqg wzr hyrox0
wlrqdu| htxloleuld xqghu frpshqvdwlrq dqg ohw Frqglwlrq 4 krog1 Wkhq frpshqvdwlrq lv dw
ohdvw dv jrrg dv wd{dwlrq1
Lqwxlwlyho|/ wkh uhdvrq zk| wkhuh pd| eh dq I K htxloleulxp xqghu wd{dwlrq/ exw qrw
xqghu frpshqvdwlrq/ lv wkh iroorzlqj1 Ehfdxvh srlqwv g dqg i lq Iljxuhv 5 dqg 6 duh
dozd|v rq wkh v
￿




wkh I K htxloleulxp lv Ei k> k xqghu frpshqvdwlrq dqg Ei> k
ru Ei k> k xqghu wd{dwlrq1 Wkxv I K lv dq htxloleulxp li dqg rqo| li doo upv zdqw wr
uhpdlq lq D1 Zlwk frpshqvdwlrq/ krxvhkrogv duh qrw erwkhuhg e| wkh upv* srooxwlrq/ vr
wkdw wkhuh zloo eh pruh krxvhkrogv lq D wkdq zlwk wd{dwlrq1 Wklv pdnhv D d ohvv sohdvdqw
sodfh iru upv1 Wkxv/ wkh frqglwlrqv iru dq I K htxloleulxp wr h{lvw duh vwulfwhu xqghu
frpshqvdwlrq1
Ilqdoo|/ Fdvh 6 rffxuv zkhq +4:, krogv1 Wkhq erwk wd{dwlrq dqg frpshqvdwlrq kdyh
wzr hyroxwlrqdu| htxloleuld1 Wkh txhvwlrq lv zkhwkhu wkhuh duh lqlwldo vwdwhv wkdw hyroyh
wrzdug I K xqghu wd{dwlrq dqg wrzdug KI xqghu frpshqvdwlrq1
Frpelqlqj wkh uhohydqw Iljxuhv 5e dqg 6e/ zh rewdlq Iljxuh 71 Wkh fuxfldo srlqwv lq
wklv Iljxuh duh wkh lqwhulru xqvwdeoh Qdvk htxloleuld f xqghu frpshqvdwlrq dqg w xqghu




/ uhvshfwlyho| 1 Doo
srlqwv ehorz +deryh, wkh vdggoh sdwk hyroyh wr wkh +vxe,rswlpdo htxloleulxp j Ez xqghu
wkh uhvshfwlyh srolf| uhjlphv1 Lq Iljxuh 7/ srlqw f lv deryh srlqw w> vr wkdw sdwk Fff
￿
lv
deryh sdwk W ww
￿
lq wkh duhd durxqg srlqwv f dqg w= Li zh frxog suryh wkdw lq jhqhudo srlqw
f lv dozd|v deryh srlqw w dqg sdwk Fff
￿
dozd|v deryh sdwk W ww
￿




zrxog ohdg wr wkh jrrg htxloleulxp xqghu frpshqvdwlrq dqg wkh edg htxloleulxp
xqghu wd{dwlrq1 Wkhq frpshqvdwlrq zrxog dozd|v eh dw ohdvw dv jrrg dv wd{dwlrq/ dqg
vrphwlphv ehwwhu1 Ohw xv uvw hvwdeolvk=
Ohppd 5 Wkh pl{hg htxloleulxp xqghu frpshqvdwlrq ihdwxuhv d orzhu v
￿
￿ dqg d kljkhu
v
￿
￿ wkdq wkh pl{hg htxloleulxp xqghu wd{dwlrq1
Wkh surri iroorzv iurp wkh surriv ri Sursrvlwlrqv 5 dqg 61
￿
￿
Lqwxlwlyho| / wkh uhdvrq lv dv
iroorzv1 Erwk srlqwv f dqg w duh rq i i
￿
> vr zh rqo| kdyh wr vkrz wkdw v
￿
￿ lv orzhu lq f=
Iluvw/ frqvlghu srlqw f1 Wr nhhs krxvhkrogv lqglhuhqw ehwzhhq wkh wzr orfdwlrqv/




Li g ru i zrxog eh rq wkh v
*
+ @ 3 d{lv/ doo krxvhkrogv zrxog eh lq E= Wkhq upv zrxog suhihu wkh





Vxevhfwlrqv 91615 dqg 917151
48sd|phqwv1 Vlqfh erwk uhjlrqv kdyh wkh vdph ghqvlw| / wkh| vkrxog dovr kdyh wkh vdph ohyho
ri frpshqvdwlrq sd|phqw shu up1 Wklv phdqv wkdw wkh qxpehu ri krxvhkrogv vkrxog eh
wkh vdph lq erwk uhjlrqv1 Wkxv/ lq wkh pl{hg htxloleulxp f xqghu frpshqvdwlrq/ kdoi wkh
krxvhkrogv duh lq D1
Xqghu wd{dwlrq/ erwk upv dqg krxvhkrogv wdnh ghqvlw| dqg srooxwlrq lqwr dffrxqw1
Lq whupv ri ghqvlw| / rqh uhjlrq zloo eh pruh dwwudfwlyh wkdq wkh rwkhu/ dqg htxdoo| vr wr
upv dqg krxvhkrogv1 Lq whupv ri srooxwlrq/ wklv uhjlrq pxvw eh htxdoo| xqdwwudfwlyh iru
upv dqg krxvhkrogv1 Wkh glhuhqfh lq wkh qxpehu ri upv ehwzhhq D dqg E wkxv vkrxog
htxdo wkh glhuhqfh lq wkh qxpehu ri krxvhkrogv1 Wkhuh pxvw eh pruh krxvhkrogv dqg
upv lq D wkdq lq E/ vlqfh ghqvlw| dv zhoo dv srooxwlrq zrxog eh kljkhu lq E rwkhuzlvh1
Wkxv/ lq wkh pl{hg htxloleulxp w xqghu wd{dwlrq/ pruh wkdq kdoi ri wkh krxvhkrogv duh lq
D1
Z h qrz nqrz wkdw vdggoh sdwk Fff
￿
lv deryh vdggoh sdwk W ww
￿
lq wkh duhd durxqg f dqg




wr lqwhuvhfw1 Ehfdxvh zh gr
qrw zdqw wr vshfli| wkh g|qdplfv wrr pxfk dqg xqghuplqh wkh jhqhudolw| ri wkh dqdo|vlv/
zh gr qrw nqrz h{dfwo| zkhuh wkh vdggoh sdwkv duh1 Krzhyhu/ zlwk frpsdwlelolw| frqglwlrq
7 ri Vhfwlrq 914 lq wkh Dsshqgl{/ zh fdq vd| vrphwklqj derxw wkh uhodwlyh orfdwlrq ri wkh
wzr vdggoh sdwkv1
Frpsdwlelolw| frqglwlrq 7 vd|v wkdw lq dq| srlqw lq Iljxuh 7/ d srsxodwlrq zloo pryh
idvwhu wr wkh kljkhu0sd|r uhjlrq xqghu wkh uhjlph zlwk wkh kljkhu sd|r glhuhqfh1 Vlqfh
upv kdyh wkh vdph sd|rv xqghu wd{dwlrq dqg frpshqvdwlrq/ wkhlu vshhg ri pljudwlrq
grhv qrw ghshqg rq wkh srolf| uhjlph1 Krxvhkrogv/ rq wkh rwkhu kdqg/ orrn dw ghqvlw|





wkhuh duh pruh upv dqg wkhuh lv pruh srooxwlrq lq E wkdq lq D= Wkhuhiruh/ E ehfrphv
ohvv dwwudfwlyh xqghu wd{dwlrq dqg krxvhkrogv zloo eh ohvv lqfolqhg wr pryh wkhuh ru pruh





Wkdw lv/ lq Iljxuh 7/ ehorz +deryh, wkh olqh pp
￿
/ krxvhkrogv pryh vorzhu +idvwhu, iurp D
wr E ru idvwhu +vorzhu, iurp E wr D xqghu wd{dwlrq wkdq xqghu frpshqvdwlrq1





frpsdwlelolw| frqglwlrq 71 Ohw xv uvw orrn dw wkh duhd wr wkh xsshu uljkw ri f dqg w> zkhuh







￿ lq srlqw w dv zh vdz lq rxu glvfxvvlrq ri zk| srlqw f lv deryh srlqw
w1 Xqghu wd{dwlrq/ krxvhkrogv duh prylqj idvwhu wr E wkdq xqghu frpshqvdwlrq/ ehfdxvh
srooxwlrq lv orzhu lq E1 Wklv phdqv wkdw wkh frpshqvdwlrq sdwkv wkdw furvv sdwk ww
￿
duh




fdqqrw furvv sdwk ww
￿
lq wklv duhd/ ehfdxvh lw pxvw jr
49wkurxjk srlqw f> zklfk lv deryh srlqw w=
Qrz zh pryh wr wkh duhd wr wkh orzhu ohiw ri f dqg w> zkhuh krxvhkrogv dqg upv
duh prylqj iurp E wr D= Deryh +ehorz, wkh olqh pp
￿
> krxvhkrogv duh prylqj vorzhu
+idvwhu, iurp E wr D xqghu wd{dwlrq1 Wkhuhiruh/ deryh pp
￿
sdwk W w lv furvvhg e|  dwwhu
frpshqvdwlrq sdwkv1 Wkxv/ sdwk Ff fdqqrw furvv sdwk W w deryh pp
￿
> ehfdxvh lw pxvw
jr wkurxjk srlqw f> zklfk lv deryh srlqw w= Ehorz pp
￿
krzhyhu/ sdwk W w lv furvvhg e|
vwhhshu frpshqvdwlrq sdwkv/ dqg sdwk Ff pljkw zhoo furvv sdwk W w khuh +exw rqo| rqfh,1
Iurp wklv zh frqfoxgh wkdw=
Ohppd 6 Ohw wkhuh eh d pl{hg htxloleulxp f +w, xqghu frpshqvdwlrq +wd{dwlrq,1 Hlwkhu





￿ En ' i> k=
Qrz zh fdq vwdwh=
Sursrvlwlrq < Ohw wkhuh eh wzr hyroxwlrqdu| htxloleuld xqghu wd{dwlrq dqg xqghu frp0
shqvdwlrq/ vr wkdw wkhuh lv d pl{hg htxloleulxp f +w, xqghu frpshqvdwlrq +wd{dwlrq,/ dqg
ohw Frqglwlrq 4 krog1
41 Li wkh vdggoh sdwkv wkurxjk f dqg w gr qrw lqwhuvhfw/ frpshqvdwlrq ohdgv wr dw ohdvw
dv jrrg dq htxloleulxp dv wd{dwlrq1
51 Li wkh vdggoh sdwkv wkurxjk f dqg w lqwhuvhfw/ wkhq iru doo vwduwlqj srlqwv zlwk dw ohdvw
rqh v
￿
￿  7 v
￿
￿ > zlwk 7 v
￿
￿ ghqhg e| Ohppd 6/ frpshqvdwlrq ohdgv wr dw ohdvw dv jrrg
dq htxloleulxp dv wd{dwlrq1 Krzhyhu/ wkhuh duh vwduwlqj srlqwv zlwk erwk v
￿
￿ ? 7 v
￿
￿ iru
zklfk wd{dwlrq ohdgv wr wkh ehwwhu htxloleulxp1




lqwhuvhfw rqfh/ lq srlqw
7 v zklfk lv ehorz wkh pp
￿
olqh1 Iru doo srlqwv lq wkh duhdv deryh yy
￿
dqg wr wkh uljkw ri ||
￿
>
frpshqvdwlrq ohdgv wr dw ohdvw dv jrrg dq htxloleulxp dv wd{dwlrq1 Erwk uhjlphv ohdg wr
wkh vxerswlpdo htxloleulxp z iurp wkh duhd yzf
￿
f7 v deryh wkh wzr vdggoh sdwkv dqg wr wkh




j ehorz wkh wzr vdggoh sdwkv1 Vwduwlqj srlqwv






w ehwzhhq wkh wzr vdggoh sdwkv hyroyh wr wkh edg htxloleulxp z xqghu




furvv/ dv wkh| gr lq Iljxuh 7/ wkhuh duh dovr vwduwlqj srlqwv iru zklfk wd{dwlrq
ohdgv wr wkh ehwwhu htxloleulxp1 Wkhvh duh wkh vwduwlqj srlqwv lq wkh duhd RW 7 vF ehwzhhq
wkh wzr vdggoh sdwkv lq Iljxuh 71
4:Ilqdoo|/ qrwh wkdw zkloh zh gr qrw nqrz wkh h{dfw orfdwlrq ri srlqw 7 v> zh nqrz wkdw
lw lv lq wkh duhd Rpnq= Wkxv/ dw ohdvw iru wkh duhd pzR
￿
jqn +wkuhh txduwhuv ri wkh zkroh
duhd,/ frpshqvdwlrq ohdgv wr dw ohdvw dv jrrg dq htxloleulxp dv wd{dwlrq1
8 Frqfoxvlrq
Lq wklv sdshu zh kdyh prghoohg orfdwlrq fkrlfh e| krxvhkrogv dqg upv/ zkhuh krxvhkrogv
vxhu iurp srooxwlrq e| upv lq wkh vdph uhjlrq1 Vlqfh krxvhkrogv dqg upv zloo qrw pryh
lpphgldwho| lq uhvsrqvh wr sd|r glhuhqfhv/ zh kdyh xvhg dq hyroxwlrqdu| dssurdfk1
Z h kdyh vwxglhg wkuhh srolf| uhjlphv1 Xqghu wd{dwlrq/ upv dqg krxvhkrogv kdyh dq
lqfhqwlyh wr vwd| dzd| iurp hdfk rwkhu1 Xqghu odlvvh} idluh/ krxvhkrogv kdyh dq lqfhqwlyh
wr vwd| dzd| iurp upv/ exw upv gr qrw kdyh dq lqfhqwlyh wr vwd| dzd| iurp krxvhkrogv1
Ilqdoo| / xqghu frpshqvdwlrq/ upv kdyh dq lqfhqwlyh wr vwd| dzd| iurp krxvhkrogv/ exw
krxvhkrogv gr qrw kdyh dq lqfhqwlyh wr vwd| dzd| iurp upv1
Wkhuh lv d forvh dvvrfldwlrq ehwzhhq wd{dwlrq dqg zhoiduh1 Wklv lv ehfdxvh gdpdjh
dulvhv zkhq upv dqg krxvhkrogv duh lq wkh vdph uhjlrq1 Wkxv/ rqh zrxog zdqw upv wr
vwd| dzd| iurp krxvhkrogv dqg krxvhkrogv wr vwd| dzd| iurp upv1 Wkhvh duh h{dfwo|
wkh lqfhqwlyhv wkdw wd{dwlrq fuhdwhv1
Dowkrxjk wd{dwlrq dozd|v ohdgv wr d orfdo zhoiduh pd{lpxp/ wklv grhv qrw lpso| wkdw
wd{dwlrq lv dozd|v wkh ehvw lqvwuxphqw1 Odlvvh} idluh dqg frpshqvdwlrq pd| dovr ohdg wr
zhoiduh pd{lpd1 Wklv lv ehfdxvh wkh pd{lpxp lv dozd|v d fruqhu vroxwlrq= dw ohdvw rqh
srsxodwlrq orfdwhv lq rqo| rqh uhjlrq1 Rqo| wkh srsxodwlrq wkdw lv lq erwk uhjlrqv vkrxog
wdnh hqylurqphqwdo gdpdjh lqwr dffrxqw1 Lq idfw/ lw lv srvvleoh wkdw frpshqvdwlrq ohdgv
wr wkh joredo zhoiduh pd{lpxp/ zkhuhdv wd{dwlrq rqo| ohdgv wr wkh orfdo rswlpxp1
Wkh srolf| lpsolfdwlrq lv wkdw zkhq ghvljqlqj lqvwuxphqwv wr uhjxodwh srooxwlrq gdp0
djh/ srolf| pdnhuv vkrxog orrn dkhdg wr pdnh vxuh wkh hfrqrp| grhv qrw hqg xs lq dq
lqihulru htxloleulxp1 Wklv/ ri frxuvh/ uhtxluhv d orw iurp srolf| pdnhuv= Wkh| kdyh wr eh
erwk lqwhuhvwhg lq dqg deoh wr ghwhuplqh wkh orqj0uxq hhfwv ri wkhlu srolf|1 Krzhyhu/
li wkh| gr qrw orrn dkhdg/ wkh| pd| qg wkhpvhoyhv rqh gd| rq wkh sdwk wr wkh edg
htxloleulxp1 Dw wkdw srlqw/ lw pd| eh yhu| gl!fxow wr wxuq durxqg1
Exloglqj rxu prgho/ zh kdyh kdg wr pdnh vrph vshfldo dvvxpswlrqv wkdw lw zrxog eh
zruwkzkloh wr uhod{1 Z h frxog doorz iru upv wr uhgxfh wkhlu hplvvlrqv dqg iru krxvhkrogv
wr wdnh rwkhu ghihqvlyh phdvxuhv wkdq prylqj dzd| iurp srooxwlrq1 Ilupv zrxog wdnh
wkh rswlpdo dedwhphqw phdvxuhv zlwk wd{dwlrq dqg frpshqvdwlrq1 Krxvhkrogv zrxog
wdnh wkh rswlpdo ghihqvlyh phdvxuhv zlwk wd{dwlrq dqg odlvvh} idluh1 Frpshqvdwlrq vwloo
4;lpsohphqwv wkh joredo rswlpxp dv orqj dv upv duh rqo| orfdwhg lq rqh uhjlrq1 Dovr/
frpshqvdwlrq frxog vwloo eh ehwwhu wkdq wd{dwlrq dv orqj dv frpshqvdwlrq uhvxowhg lq wkh
rswlpdo vhjuhjdwlrq sdwwhuq dqg wd{dwlrq glg qrw1
Rwkhu vlpsoli|lqj dvvxpswlrqv lqfoxgh wkh dgglwlyh vhsdudelolw| ri wkh xwlolw| ixqf0
wlrq dqg wkh htxdolw| ri up dqg krxvhkrog ghpdqg iru odqg1 Lq dgglwlrq/ wkhuh duh qr
frppxwlqj frvwv iru zrunhuv ru wudqvsruwdwlrq frvwv iru wkh frqvxpswlrq jrrg1 Wkhvh
dvvxpswlrqv vlpsoli| wkh dqdo|vlv/ exw uhod{lqj wkhp zrxog qrw dhfw rxu fhqwudo uhvxow
wkdw lq vrph flufxpvwdqfhv/ frpshqvdwlrq +ru odlvvh} idluh, ohdgv wr d ehwwhu rxwfrph wkdq
wd{dwlrq1 Lqghhg/ zh zrxog frqmhfwxuh wkdw lq dq| vlwxdwlrq zlwk pxowlsoh orfdo zhoiduh
rswlpd gxh wr h{whuqdolwlhv/ wkhuh duh dozd|v flufxpvwdqfhv xqghu zklfk Sljrxyldq wd{d0
wlrq +ru vxevlgl}dwlrq, ri wkh h{whuqdolw| ohdgv wr d zruvh rxwfrph wkdq dq dssursuldwho|
ghvljqhg dowhuqdwlyh lqvwuxphqw1
Dq lqwhuhvwlqj ixuwkhu ghyhorsphqw ri wkh prgho zrxog eh wkh dssolfdwlrq ri wkh Frdvh
^6` wkhruhp1 Dffruglqj wr wkh Frdvh wkhruhp/ zhoiduh lv eh pd{lpl}hg dv orqj dv surshuw|
uljkwv kdyh ehhq dvvljqhg1 Wkh uhvxow grhv qrw ghshqg rq zkr kdv wkh surshuw| uljkwv1
Lq rxu odlvvh} idluh vfhqdulr/ upv kdyh wkh uljkw wr srooxwh1 Zlwk frpshqvdwlrq/
krxvhkrogv kdyh wkh uljkw wr fohdq dlu1 Krzhyhu/ wkhvh vfhqdulrv glg qrw dozd|v ohdg wr
wkh orfdo zhoiduh rswlpxp1 Wklv lv ri frxuvh ehfdxvh Frdvh ^6` hqylvdjhg wkdw yroxqwdu|
sd|phqwv zrxog wdnh sodfh lq rughu wr lpsohphqw wkh rswlpxp1 Xqghu odlvvh} idluh/
krxvhkrogv zrxog kdyh wr sd| upv wr vwd| dzd| iurp wkhp1 Xqghu frpshqvdwlrq/ upv
zrxog kdyh wr sd| krxvhkrogv1 Xqwlo qrz/ zh kdyh qrw wdnhq wklv srvvlelolw| lqwr dffrxqw1
Rqh pljkw zrqghu krz yroxqwdu| wudqvihuv dulvh dqg ghyhors lq dq hyroxwlrqdu| zruog1
Lw vhhpv sodxvleoh wkdw wkh| fdq rqo| dulvh lq dq hyroxwlrqdu| htxloleulxp/ iru wzr uhdvrqv1
Wkh uvw lv wkdw lw idflolwdwhv orrnlqj iruzdug1 Lq rughu wr xqghuvwdqg wkh xvh ri yroxqwdu|
wudqvihuv/ dq djhqw pxvw eh deoh wr suhglfw zkdw zloo kdsshq zlwkrxw wudqvihuv/ dqg krz
wudqvihuv fdq lpsuryh xsrq wkdw1 Rxw ri htxloleulxp/ wkh zruog lv frqvwdqwo| fkdqjlqj1
Wkdw pdnhv lw gl!fxow wr orrn iruzdug1 Lq dq hyroxwlrqdu| htxloleulxp qrwklqj fkdqjhv/
vr wkdw frqglwlrqv duh idyrxudeoh iru vrphrqh wr jhw wkh lghd wkdw qrwklqj zloo fkdqjh lq
wkh ixwxuh zlwkrxw yroxqwdu| wudqvihuv1 Vhfrqgo|/ lq dq hyroxwlrqdu| htxloleulxp djhqwv
zloo vwduw wr lghqwli| zlwk wkhlu fxuuhqw uhvlghqfh dqg vwduw zrqghulqj krz wkh| fdq pdnh
lw d pruh sohdvdqw sodfh1 Rq wkh rwkhu kdqg/ zkhq dq djhqw kdv uhfhqwo| pryhg dqg
revhuyhv rwkhuv prylqj/ vkh zloo qrw ihho juhdw dwwdfkphqw wr klv uhvlghqfh1
4<9 Dsshqgl{
914 Frpsdwlelolw| frqglwlrqv







￿ >   v
￿
￿ > n ' i> k1 Frpsdwlelolw| ri wkh g|qdplf K lq
+44, zlwk wkh sd|r ixqfwlrq {Y
￿
￿ > dovr fdoohg sd|r prqrwrqlflw|/ krogv li wkh iroorzlqj
irxu frqglwlrqv dsso|=
41 vljq KEt> q





￿ > > m  % m{Y
￿
￿ Et> q




￿ >  ? f , KEf> q
￿ > >  ' f> {Y
￿
￿ E> q
￿ >  A f , KE> q




- > 7  A KEt> q
-
￿ > 












-  iru doo 7  dqg 	 =
Wkh uvw frqglwlrq uhihuv wr vxuylydo ri wkh wwhvw> wkh fkrlfh iru d uhjlrq wkdw |lhogv
d kljkhu sd|r zloo jurz ryhu wlph1 Wkh vhfrqg frqglwlrq lv qhfhvvdu| iru qrw ohwwlqj
wudmhfwrulhv ohdyh wkh vwdwh vsdfh1 Wkh wklug frqglwlrq vlpso| vwdwhv wkdw erwk uhjlrqv
fdqqrw fodlp pruh wkdq 433( ri krxvhkrogv dqg upv1 Frqglwlrq 7 vd|v wkdw zkhq
hyhu|wklqj exw wkh srolf| uhjlph lv htxdo/ d srsxodwlrq zloo pryh idvwhu wr wkh kljk0sd|r
uhjlrq xqghu wkh uhjlph zlwk wkh kljkhu glhuhqfh lq sd|rv1
915 Surri ri Sursrvlwlrq 4
91514 I K htxloleulxp
Wkh I K htxloleulxp fdqqrw eh Ei> i k ehfdxvh ghqvlw| zrxog eh kljkhu lq E dqg upv
zrxog zdqw wr pryh wr D1 Wkh I K htxloleulxp lv Ei> k li krxvhkrogv zdqw wr vwd| lq E=

￿




Ilupv vwd| lq D> ehfdxvh ghqvlw| lv orzhu wkhuh1 Li +54, grhv qrw krog/ wkhuh lv dq htxl0
oleulxp Ei k> k zlwk krxvhkrogv lqglhuhqw ehwzhhq D dqg E= Dv ghqvlw| lv kljkhu lq E>
upv gr qrw zdqw wr pryh wkhuh1 Wklv lpsolhv wkdw wkhuh lv dozd|v dq I K htxloleulxp
xqghu odlvvh} idluh/ dqg lw lv xqltxh1
91515 Pl{hg htxloleulxp
Ilupv dqg krxvhkrogv duh lqglhuhqw ehwzhhq D dqg E li +47, dqg +46, krog/ uhvshfwlyho| 1




￿ 1 Vxevwlwxwlqj wklv lqwr +47,










Z h vhh wkdw v
￿
￿ ?  rqo| li frqglwlrq +48, krogv1 Reylrxvo| / li wkhuh lv d pl{hg htxloleulxp/






￿ jlyhq e| +55,1
91516 KI htxloleulxp
Wkh KI htxloleulxp lv Ek> i  li krxvhkrogv suhihu wr vwd| lq D dqg upv lq E/ uhvshfwlyho|=

￿
Ef>  A 
￿




Ef>  A 
￿
Ef> = +57,
Li +56, lv qrw vdwlvhg/ wkhuh lv dq htxloleulxp Ek> i k= Zkhq krxvhkrogv duh lqglhuhqw
ehwzhhq D dqg E/ ghqvlw| pxvw eh orzhu lq E/ dqg wkhuhiruh upv suhihu wr vwd| lq E1
Li +57, lv qrw vdwlvhg/ wkhuh pd| eh dq htxloleulxp Ei k> i  zkhuh upv duh lqglhuhqw
























￿ > = +59,













wklv phdqv wkdw frqglwlrq +48, pxvw krog1 Wkxv/ li wkhuh lv dq KI htxloleulxp/ lw lv xqltxh1
Z h vhh wkdw frqglwlrq +48, pxvw krog iru dq KI dv zhoo dv iru d pl{hg htxloleulxp wr
h{lvw/ zklfk lv dovr fohdu iurp Iljxuh 41
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91614 KI htxloleulxp




Ef>  A 
￿




Ef>  A 
￿
Ef>   = +5;,
Li +5:, lv qrw vdwlvhg/ wkhuh zloo eh dq htxloleulxp Ek> i k zlwk krxvhkrogv lqglhuhqw



















￿ / ghqvlw| zrxog eh orzhu lq wkh odujhu uhjlrq D/ vr
wkdw krxvhkrogv zrxog suhihu wkh orz0ghqvlw|/ fohdq uhjlrq D1











￿   E  v
￿
￿ = +63,











￿ / wklv lqhtxdolw| lv
dozd|v vdwlvhg1 Li +5;, lv qrw vdwlvhg/ wkhuh zloo eh dq htxloleulxp Ei k> i  zlwk upv









￿ > = +64,












￿ >   q
￿ E  v
￿
￿ =




￿ > zklfk lv dozd|v vdwlvhg1 Wkxv/
wkhuh lv dozd|v dq KI htxloleulxp zlwk wd{dwlrq/ dqg lw lv xqltxh1
91615 Pl{hg htxloleulxp





￿   ' 2v
￿
￿  = +65,
Lw lv fohdu iurp +65, wkdw v
￿










￿ / wkh OKVv
ri +45, dqg +46, h{fhhg wkh UKVv1 Lq wklv fdvh/ D zrxog eh wkh orz0ghqvlw|/ orz0srooxwlrq






￿ 1 Wkhq D lv wkh kljk0srooxwlrq/
orz0ghqvlw| uhjlrq1 Iru d pl{hg htxloleulxp wr h{lvw/ upv vkrxog suhihu wr pryh wr E
zkhq wkh| duh doo lq D1 Iurp +45, dqg +65, zlwk v
￿
￿ ' / wklv zloo kdsshq li dqg rqo|





￿ > zkloh lq +65, v
￿
￿ lv lqfuhdvlqj lq v
￿
￿ = Wkxv/ li wkhuh lv d pl{hg htxloleulxp/
lw pxvw eh xqltxh1
91616 I K htxloleulxp




E> f A 
￿
E> f  > +66,

￿
E> f A 
￿
E> f  q
￿ = +67,
55Frqglwlrq +66, dozd|v krogv/ ehfdxvh ghqvlw| lv orzhu lq D e| +67,= Wkxv/ wkhuh lv qr
Ei> i k htxloleulxp1 Li +67, grhv qrw krog/ wkhuh pd| eh dq Ei k> k htxloleulxp zkhuh






































￿ > |lhogv frqglwlrq +49,1
Wkxv/ li wkhuh lv dq I K htxloleulxp/ lw lv xqltxh1 Z h vhh wkdw frqglwlrq +49, pxvw krog
iru dq I K dv zhoo dv iru d pl{hg htxloleulxp wr h{lvw/ zklfk lv dovr fohdu iurp Iljxuh 51
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91714 KI htxloleulxp









Ef>  A 
￿
Ef>   = +6;,
Li +6:, grhv qrw krog/ wkhuh lv dq htxloleulxp Ek> i k zlwk krxvhkrogv lqglhuhqw dqg wkxv





















Wkh lqhtxdolw| iroorzv iurp q











￿   E  v
￿
￿ =




￿ / zklfk lv wkh fdvh1 Li +6;, grhv qrw
krog/ wkhuh lv dq htxloleulxp Ei k> i = Krxvhkrogv zloo uhpdlq lq D lq Ei k> i / ehfdxvh
ghqvlw| lv orzhu lq D dv upv duh lqglhuhqw ehwzhhq D dqg E1 Wkxv/ wkhuh lv dozd|v dq
KI htxloleulxp zlwk frpshqvdwlrq/ dqg lw lv xqltxh1
5691715 Pl{hg htxloleulxp
Krxvhkrogv dqg upv duh lqglhuhqw ehwzhhq D dqg E li +46, dqg +47, krog/ uhvshfwlyho| 1




￿ 1 Vxevwlwxwlqj wklv lqwr +47,






   n 2q
￿
2q
￿ E n 
= +73,
Z h vhh wkdw v
￿
￿ ?  rqo| li frqglwlrq +4:, krogv1 Reylrxvo| / li wkhuh lv d pl{hg htxloleulxp/






￿ jlyhq e| +73,1
91716 I K htxloleulxp
Wkh I K htxloleulxp fdqqrw eh Ei> k ru Ei> i k> ehfdxvh krxvhkrogv zrxog zdqw wr jr wr
D zkhuh ghqvlw| lv orzhu1 Wkhuh pd| eh dq htxloleulxp Ei k> k zkhuh upv suhihu wr vwd|
































￿  '   v
￿
￿ >
zklfk lpsolhv wkdw frqglwlrq +4:, pxvw krog1 Wkxv/ li wkhuh lv dq I K htxloleulxp/ lw lv
xqltxh/ exw wkhuh lv dq I K htxloleulxp li dqg rqo| li frqglwlrq +4:, krogv1 Z h vhh wkdw
frqglwlrq +4:, pxvw krog iru dq I K dv zhoo dv iru d pl{hg htxloleulxp wr h{lvw/ zklfk lv
dovr fohdu iurp Iljxuh 61
918 Surri ri Sursrvlwlrq 7
Ohw xv uvw orrn dw vwdelolw| ri wkh lqwhulru QH1 Dv lv fohdu iurp Iljxuhv 4 wr 6/ wkh lqwhulru












￿ jlyhq lq +43, iru n ' i> k dqg uhjlphv  ri







































































Wdnlqj lqwr dffrxqw wkdw wkh orfl dozd|v kdyh qhjdwlyh vorsh/ wkh orfl iru upv lv vwhhshu





































































￿  zlwk 
￿








































































 2 ? f> +76,











n eo ? f=
Wklv lpsolhv wkdw dq| lqwhulru QH lv xqvwdeoh1 Ohw xv qrz orrn dw wkh vwdelolw| ri QH dw
wkh fruqhuv dqg wkh hgjhv ri wkh vwdwh vsdfh1 Lw lv hdvlo| vhhq wkdw doo fruqhu QH Ei> k dqg
Ek> i > zlwk frpsohwh vhjuhjdwlrq/ duh vwdeoh1 Wklv lv ehfdxvh wkh frqglwlrqv iru d fruqhu
QH douhdg| vwlsxodwh wkdw erwk srsxodwlrqv suhihu wr vwd| lq wkhlu suhvhqw orfdwlrq1 Iru
QH dw wkh hgjh/ zlwk sduwldo vhjuhjdwlrq/ wkh srsxodwlrq wkdw lv lq rqh orfdwlrq vkrxog





￿  f= Lw lv fohdu iurp +76, wkdw wklv lv dozd|v wkh fdvh1
58919 Surri ri Ohppd 4
Zkhq wkhuh duh wzr HH xqghu wd{dwlrq dqg rqh xqghu frpshqvdwlrq/ frqglwlrq +49, iru










































Wkh OKV ri +77, h{fhhgv wkh OKV ri +49,/ zkhuhdv wkh UKV ri +77, lv ehorz wkh UKV ri
+49,1 Wkxv/ lw lv srvvleoh iru +49, dqg +77, wr eh vdwlvhg vlpxowdqhrxvo| 1 Krzhyhu/ lw lv
qrw srvvleoh iru qhlwkhu +49, qru +77, wr eh vdwlvhg vlpxowdqhrxvo| / l1h1 iru wkhuh wr eh
rqh HH xqghu wd{dwlrq dqg wzr xqghu frpshqvdwlrq1
91: Surri ri Sursrvlwlrq 9
Iluvw/ zh zloo vkrz wkdw KI lv ehwwhu wkdq Ei> k1 Z h vkdoo vhh wkdw=
x E n q
￿ x E@q
￿  A x E n q
￿ x E@q
￿  = +78,
Wkh OKV ri +78, ghqrwhv djjuhjdwh zhoiduh lq Ek> i  dqg wkh UKV djjuhjdwh zhoiduh lq
Ei> k1 Lqhtxdolw| +78, fdq eh uhzulwwhq dv=
x E  q
￿ x E@q
￿  A x E  q
￿ x E@q
￿  =
Wkh lqhtxdolw| iroorzv iurp  ?  dqg









￿  A f>
zkhuh wkh lqhtxdolw| iroorzv iurp q




Vhfrqgo|/ zh zloo vhh wkdw wkhuh duh dozd|v frqvwhoodwlrqv zlwk kljkhu zhoiduh wkdq
Ei k> k1 Qrwh wkdw zlwk Ei k> k/ wkhuh duh q
￿ upv lq D/ v
￿
￿ krxvhkrogv lq D dqg E  v
￿
￿ 
krxvhkrogv lq E1 Gdpdjh iurp srooxwlrq lv q
￿ v
￿




￿ ?   v
￿
￿ 1 Lq wklv fdvh/ ghqvlw| lv kljkhu lq E1 Z hoiduh fdq wkhq eh
lqfuhdvhg e| h{fkdqjlqj wkh rffxsdqwv ri D dqg E1 Srooxwlrq gdpdjh zloo uhpdlq
wkh vdph1 Dv rxu suhylrxv glvfxvvlrq ri +78, kdv vkrzq/ djjuhjdwh zhoiduh iurp odqg
zloo lqfuhdvh/ ehfdxvh wkh odujh jurxs lv eurxjkw wr wkh odujh uhjlrq1





￿ ? 1 Z hoiduh fdq eh lqfuhdvhg e| kdylqj Eq
￿ n v
￿
￿  krxvhkrogv lq
D dqg E  q
￿  v
￿
￿  krxvhkrogv dqg doo q
￿ upv lq E1 Qrwh wkdw ghqvlw| lq erwk










￿ A   v
￿
￿ 1 Z hoiduh lv kljkhu lq dq dowhuqdwlyh vfhqdulr zlwk doo krxvhkrogv lq D/
Eq
￿   n v
￿
￿  upv lq D dqg E  v
￿
￿  upv lq E1 Djdlq/ ghqvlw| uhpdlqv xqfkdqjhg/





￿ n   v
￿
￿ ' E  q
￿ E  v
￿
￿  A f=
Uhihuhqfhv
^4` Edxpro/ Zlooldp M1 +4<:5,/ Rq wd{dwlrq dqg wkh frqwuro ri h{whuqdolwlhv/ Dphulfdq
Hfrqrplf Uhylhz 95= 63:06551
^5` Fkldqj/ Doskd F1 +4<;7,/ Ixqgdphqwdo Phwkrgv ri Pdwkhpdwlfdo Hfrqrplfv/
PfJudz0Kloo/ Vlqjdsruh1
^6` Frdvh/ Urqdog K1 +4<93,/ Wkh sureohp ri vrfldo frvw/ Mrxuqdo ri Odz dqg Hfrqrplfv
6= 40771
^7` Frshodqg/ Euldq U1 dqg P1 Vfrww Wd|oru +4<<<,/ Wudgh/ vsdwldo vhsdudwlrq/ dqg wkh
hqylurqphqw/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 7:= 46:049;1
^8` Glmnvwud/ Erxzh U1 +5336,/ Gluhfw uhjxodwlrq ri d preloh srooxwlqj up/ Mrxuqdo ri
Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 78= 59805::1
^9` Iulhgpdq/ Gdqlho +4<<4,/ Hyroxwlrqdu| jdphv lq hfrqrplfv/ Hfrqrphwulfd 8<= 96:0
9991
^:` Iulhgpdq/ Gdqlho +4<<;,/ Rq hfrqrplf dssolfdwlrqv ri hyroxwlrqdu| jdph wkhru|/
Mrxuqdo ri Hyroxwlrqdu| Hfrqrplfv ;= 480761
^;` Khoidqg/ Joruld H1 dqg Mrqdwkdq Uxelq +4<<7,/ Vsuhdglqj yhuvxv frqfhqwudwlqj
gdpdjhv= Hqylurqphqwdo srolf| lq wkh suhvhqfh ri qrqfrqyh{lwlhv/ Mrxuqdo ri Hqyl0
urqphqwdo Hfrqrplfv dqg Pdqdjhphqw 5:= ;70<41
^<` Krho/ Plfkdho +4<<:,/ Hqylurqphqwdo srolf| zlwk hqgrjhqrxv sodqw orfdwlrqv/ Vfdq0
glqdyldq Mrxuqdo ri Hfrqrplfv <<= 574058<1
5:^43` Krho/ Plfkdho dqg Shuu| Vkdslur +5336,/ Srsxodwlrq prelolw| dqg wudqverxqgdu|
hqylurqphqwdo sureohpv/ Mrxuqdo ri Sxeolf Hfrqrplfv ;:= 4346043571
^44` Ndqgrul/ Plfklklur/ Jhrujh M1 Pdlodwk dqg Udidho Ure +4<<6,/ Ohduqlqj/ pxwdwlrq
dqg orqj uxq htxloleuld lq jdphv/ Hfrqrphwulfd 94= 5<0891
^45` PfNlwulfn/ Urvv dqg Urehuw D1 Froolqjh +5335,/ Wkh h{lvwhqfh dqg xqltxhqhvv ri
rswlpdo srooxwlrq srolf| lq wkh suhvhqfh ri ylfwlp ghihqfh phdvxuhv/ Mrxuqdo ri
Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 77= 43904551
^46` Pl|dr/ Wdndklur +4<:;,/ G|qdplf lqvwdelolw| ri d pl{hg flw| lq wkh suhvhqfh ri
qhljkerukrrg h{whuqdolwlhv/ Dphulfdq Hfrqrplf Uhylhz 9;= 78707961
^47` Prwwd/ Pdvvlpr dqg Mdftxhv0I udqêrlv Wklvvh +4<<7,/ Grhv hqylurqphqwdo gxpslqj
ohdg wr ghorfdwlrqB/ Hxurshdq Hfrqrplf Uhylhz 6;= 89608:91
^48` Rdwhv/ Z doodfh H1 +4<;6,/ Wkh uhjxodwlrq ri h{whuqdolwlhv= H!flhqw ehkdylru e|
vrxufhv dqg ylfwlpv/ Sxeolf Ilqdqfh2Ilqdqfhv Sxeoltxhv 6;= 69506:81
^49` Udxvfkhu/ Plfkdho +4<<:,/ Lqwhuqdwlrqdo Wudgh/ Idfwru Pryhphqwv/ dqg wkh Hqylurq0
phqw/ R{irug Xqlyhuvlw| Suhvv/ R{irug1
^4:` Udxvfkhu/ Plfkdho +5333,/ Lqwhumxulvglfwlrqdo frpshwlwlrq dqg hqylurqphqwdo sro0
lf|/ lq= W1 Wlhwhqehuj dqg K1 I rophu +hgv,/ Lqwhuqdwlrqdo \ hduerrn ri Hqylurqphq0
wdo dqg Uhvrxufh Hfrqrplfv 533325334/ Hgzdug Hojdu/ Fkhowhqkdp/ 4<905631
^4;` Vdpxhovrq/ Oduu| +4<<:,/ Hyroxwlrqdu| Jdphv dqg Htxloleulxp Vhohfwlrq/ Wkh PLW
Suhvv/ Fdpeulgjh PD1
^4<` Vdqgkrop/ Zlooldp K1 +5337,/ Qhjdwlyh h{whuqdolwlhv dqg hyroxwlrqdu| lpsohphqwd0
wlrq/ Z runlqj Sdshu/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zlvfrqvlq/ Pdglvrq1
^53` Vkledwd/ Klurixpl dqg M1 Vwhyhq Zlqulfk +4<;6,/ Frqwuro ri srooxwlrq zkhq wkh
rhqghg ghihqg wkhpvhoyhv/ Hfrqrplfd 83= 758076:1
^54` Xqwhurehugrhuvwhu/ Rodi +5334,/ Wudgh dqg wudqverxqgdu| srooxwlrq= Vsdwldo vhs0
dudwlrq uhfrqvlghuhg/ Mrxuqdo ri Hqylurqphqwdo Hfrqrplfv dqg Pdqdjhphqw 74=
59<05;81
^55` Z hlexoo/ Mùujhq Z1 +4<<9,/ Hyroxwlrqdu| Jdph Wkhru|/ Wkh PLW Suhvv/ Fdpeulgjh
PD1
5;^56` Z hoolvfk/ Glhwpdu +4<<8,/ Fdq krxvhkrog prelolw| vroyh edvlf hqylurqphqwdo sure0
ohpvB/ Lqwhuqdwlrqdo Wd{ dqg Sxeolf Ilqdqfh 5= 57805931
^57` \ rxqj/ K1 Sh|wrq +4<<6,/ Wkh hyroxwlrq ri frqyhqwlrqv/ Hfrqrphwulfd 94= 8:0;71
5<: Nh| wr wkh judskv
Iru wkh Iljxuhv/ vshfli| xEj
￿  ' @2j

















￿ E  v
￿









￿ n E n v
￿
￿ ' eq
￿ E  v
￿











￿ ' Ee n  q
￿ E  v
￿


















￿ E  v
￿





Wkhuh duh wkuhh htxloleuld iru odlvvh} idluh l=
eq
￿ ? 2 n q
￿ >
iru wd{dwlrq l=
e E  q
￿  ?  n E n  q
￿ >
dqg iru frpshqvdwlrq l=
e ?  n 2q
￿ =
Wkh iroorzlqj wdeoh jlyhv wkh sdudphwhu ydoxhv wr gudz Iljxuhv 4 wr 6/ uhvshfwlyho| /
dqg wkh uhvxowlqj hqgsrlqwv ri wkh orfl1
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63Iljxuh 4= Skdvh sruwudlwv odlvvh} idluh1 Iljxuh 4d +ohiw,= Rqh htxloleulxp/ Iljxuh 4e
+uljkw,= Pxowlsoh htxloleuld1
Iljxuh 5= Skdvh sruwudlwv wd{dwlrq1 Iljxuh 5d +ohiw,= Rqh htxloleulxp/ Iljxuh 5e +uljkw,=
Pxowlsoh htxloleuld1
64Iljxuh 6= Skdvh sruwudlwv frpshqvdwlrq1 Iljxuh 6d +ohiw,= Rqh htxloleulxp/ Iljxuh 6e
+uljkw,= Pxowlsoh htxloleuld1
Iljxuh 7= Ryhudoo skdvh sruwudlw
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